Abstract-The branching off of steady-state regimes from mechanical equilibrium is studied for the problem of filtration convection in a parallelepiped. The conditions for the geometric parameters under which stable continuous families of steady-state regimes develop are found. The stability of equilibria of the family with respect to three-dimensional perturbations is analyzed in a numerical experiment using a finite-difference method.
Convective flow in a porous medium [1, 2] has a series of features distinguishing it from the problem of free convection. For example, in [3] for the plane Darcy problem it was found that a single-parameter family of steady-state convective regimes can develop. This phenomenon was explained by Yudovich using the cosymmetry theory [4] developed in [5] [6] [7] . The presence of nontrivial cosymmetry suggests that the system is underdetermined and reveals the existence of a hidden parameter, as a result of which the development of families of steady-state regimes becomes possible. The essential difference between cosymmetric dynamical systems and problems with symmetries consists in the variability of the equilibrium stability spectrum on the family [5] .
The analytic investigation of the plane Darcy convection problem [4, 5] made it possible to obtain the asymptotics of the family of equilibria and study its stability in the neighborhood of the generation bifurcation. For a porous medium the development of multiple steady-state convective motions was confirmed in full-scale experiments [8] . In [9] [10] [11] [12] [13] families of steady-state Darcy convection solutions were calculated for single-and multicomponent fluids, the evolution of the families was analyzed and the development of instability on them was studied. In these studies a series of bifurcations of single-parameter families of steady-state regimes was detected and investigated. Study [14] , which established the boundary conditions under which a stable family of steady-state solutions can branch off, is devoted to an analysis of the transition from two-to three-dimensional convective motions in a parallelepiped.
For it to be possible to calculate the families of equilibria the numerical scheme must conserve the cosymmetry of the initial system. For the Darcy problem these discretizations were constructed using finitedifference [15] and spectral-difference [10] methods, while in [16] a finite-difference approximation of the equations in the natural variables was proposed. The aim of the present study is to investigate the first transition for filtration convection in a parallelepiped and the conditions for the geometric parameters under which a stable family of steady-state regimes branches off. For this purpose a numerical method based on discretization of the equations in the natural variables by means of a displaced-grid scheme which makes it possible to analyze the stability of equilibria of the family with respect to three-dimensional perturbations is proposed.
FORMULATION OF THE PROBLEM
Fluid convection in a porous medium can be described on the basis of the Darcy model using the following system of dimensionless equations:
(1.1)
is the velocity vector, p is the excess pressure relative the hydrostatic pressure, θ is the deviation of the temperature from the linear equilibrium profile, γ = (0, 0, 1) is the unit vector in the direction opposite to that of the gravity force vector, λ is the flow Rayleigh number, ε is the porosity of the medium, t is time, and (x, y, z) is the Cartesian coordinate system.
We will consider the equations in a parallelepiped
where L x , L y , and L z are the width, depth, and height, respectively. Over the entire boundary of the domain D we specify the no-flow boundary condition for the velocity, for the temperature the condition of zero heat flux is imposed on two lateral faces ∂ 1 D = {y = 0} ∪ {y = L y }, and on the remaining faces
When the Rayleigh numbers are small, the fluid is in mechanical equilibrium with zero velocity and zero deviation from the temperature distribution with a vertically linear profile. When the Rayleigh number crosses a critical threshold the mechanical equilibrium loses stability and convective heat transfer develops in the domain due to steady-state fluid flow.
METHOD OF SOLUTION
In order to discretize the problem (1.1)-(1.2) we will use the displaced-grid method [16] with grid nodes of five types: for the temperature, pressure, and three velocity components. A grid uniform over each coordinate is introduced so that the boundary conditions for the temperature and velocity are satisfied automatically on the boundary ∂ 2 D and the boundary conditions for the temperature and velocity v 2 are realized on the boundary ∂ 1 D using grid points beyond the boundary contour.
For calculating the steady-state flows by means of the stabilization method we used an approach based on introducing an artificial compressibility and instead of the last equation in (1.1) we considered
Here, ζ is the artificial compressibility coefficient. The system of ordinary differential equations obtained as a result of discretization can be written in the vector form:
Here, Θ, V 1 , V 2 , V 3 , and P are the vectors of the grid node variables for the temperature, the three velocity components, and the pressure, respectively. The matrices A 1 , B i (i = 1,... operators for calculating averages, respectively. The term F(Θ, V ) is an approximation of the convective term.
The steady-state convective flows were found by integrating the system (2.2) up to stabilization and the 4/5-order Runge-Kutta method was used as the integrator. From Eqs. (2.2) for F = 0 we can obtain the following equations in the perturbations for analyzing the stability of mechanical equilibrium
When σ = 0 from (2.3) there follows a system for calculating the critical Rayleigh numbers corresponding to monotonic loss of stability of mechanical equilibrium. Eliminating the variables V 1 , V 2 , V 3 , and P from (2.3), we obtain the following spectral problem for the vector Θ
Here, S is a matrix by means of which the grid-point pressure vector can be found correct to a constant from the following underdetermined system of algebraic equations
CRITICAL RAYLEIGH NUMBERS
In [4] for the plane Darcy convection problem in an arbitrary simply connected domain it was shown that the birth of a family of steady-state regimes is related with the presence of a nontrivial cosymmetry. In this case the branching off of the family of equilibria from mechanical equilibrium corresponds to multiple eigenvalues of the spectral problem for the critical Rayleigh numbers (2.4). Depending on the side ratios L y /L x and L x /L z of the parallelepiped, loss of stability of the state of rest involves either the branching off of a pair of isolated steady-state regimes or the formation of a stable family of equilibria.
The nature of the loss of stability of mechanical equilibrium is determined by the critical values of the Rayleigh parameter λ , i.e., the eigenvalues of the problem (2.4). Table 1 gives the results of calculating five least critical values of λ for parallelepipeds of width L x = 2 and height L z = 1 and various depths L y .
When L y = 0.4 and L y = 0.6 the minimum eigenvalue of the system (2.4) is multiple. This corresponds to the birth of a continuous family of steady-state regimes. For a parallelepiped with L y = 0.8 the minimum eigenvalue is simple and, as a result of the discrete symmetry of the problem, two isolated steady-state solutions branch off when the critical Rayleigh number is exceeded.
We calculated the Rayleigh numbers for the first transition using grids containing 1728 (24 × 6 × 12) and 512 (16 × 4 × 8) internal grid nodes for the temperature. It turned out that a 512-node grid is sufficient for determining the values of the first transition to within 5%. For a fixed grid the critical values corresponding to the branching off of families of steady-state regimes (multiple values) are independent of the depth of the domain. In particular, this indicates that the steady-state regimes of the family branching off from the state of rest are essentially two-dimensional and do not depend on the y coordinate. In Fig. 1 we have plotted graphs of the depth dependence of the minimum eigenvalues of the system (2.4) calculated for various values of the width L x , the broken curve corresponding to the first pair of multiple eigenvalues and the continuous curve to the simple eigenvalues. The intersection of the curves corresponding to the minimum multiple and simple eigenvalues makes it possible to determine the critical depth for the parallelepiped for given L x and L z . 
STEADY-STATE CONVECTIVE REGIMES
For a parallelepiped whose depth L y is less than the critical value L * y the family of equilibria consists of stable steady-state motions independent of the y coordinate. In order to arrive at the steady-state regimes we carried out stabilization calculations starting from initial data with zero velocities and a temperature distribution of the form:
For example, for a parallelepiped D = [2.0 × 0.5 × 1.0] when λ = 60 and j = 1 we obtained the steadystate regime for which the temperature distribution is the same in all cross-sections in the y coordinate and the velocity in the direction of the y axis is equal to zero. This regime belongs to a family of equilibria and is characterized by two convective rolls located symmetrically about the cross-section x = L x /2. Other equilibria of the family can be obtained by taking suitable initial data. In Fig. 2 we have reproduced streamlines for two regimes of the family of equilibria: with symmetric and asymmetric positioning of the convective rolls. Clearly, the fluid motions are plane and there is no flow along the y axis.
When L y > L * y stable isolated steady-state regimes develop as a result of the loss of stability of mechanical equilibrium and a family of equilibria branches off when the Rayleigh parameter is large and the family is unstable as a whole. method, we obtained a steady-state regime with a nonuniform temperature distribution over the y coordinate.
In the spectrum of this equilibrium there are no zero eigenvalues and it is isolated. In this regime the fluid flow has a complex three-dimensional structure and in Fig. 3 we have reproduced streamlines of several fluid particles. For the plane convection problem in a rectangle L x = 2, L z = 1 the family of equilibria branches off when λ ≈ 52 and for the family instability develops when λ ≈ 410. In Fig. 4 we have reproduced the development of the steady-state regimes as the Rayleigh parameter increases. The total heat flow through the central vertical cross-section Nu h and the integral flux over the container base Nu v were calculated from the formulas
When L y < L * y all the equilibria of the family are stable for the three-dimensional problem and small supercriticality. In the spectrum of each equilibrium there is an eigenvalue corresponding to an eigenvector directed along the family. In our calculations this eigenvalue was almost zero (10 −12 ) and much less than the calculation error. As the Rayleigh number increases, steady-state regimes unstable with respect to threedimensional perturbations develop on the family. For example, for a parallelepiped with L x = 2, L z = 1 and depth L y = 0.5 instability develops when λ = 140, and when L y = 0.5 instability develops at λ = 190. This is significantly less than the critical value for plane (in the x, z plane) perturbations. We carried out the calculations using a 12 × 6 × 6 grid and the symmetric regime corresponding to motion with the minimum Nu h for Nu v = 0 became unstable.
When L y > L * y families are also formed and a neutral eigenvalue is also present in the spectrum of each equilibrium of the family but there are spectral values with a positive real part. This corresponds to threedimensional instability of the equilibria of the family. In Fig. 5 we have reproduced the results of calculating the largest eigenvalue in the stability spectrum for the family equilibria in the case of a parallelepiped with a 642 NEMTSEV, TSIBULIN depth L y > L * y . The decrement varies with movement along the family and depends on the Rayleigh number, but all the equilibria on the family are unstable.
Summary. The problem of filtration convection in a parallelepiped, on two opposite lateral faces of which the heat flux is equal to zero while a linear vertical temperature distribution is maintained on the other faces, is considered. Two scenarios of the branching off of nontrivial steady-state regimes from the state of mechanical equilibrium are possible depending on the parallelepiped side ratio. If the distance between the thermally-insulated walls is small, a continuous family of stable steady-state motions is generated while for a fairly deep domain isolated steady-state regimes are the first to branch off. For the steady-state regimes of the family the motions are plane and the stability spectrum varies on going around the family points. The stability of equilibria of the families with respect to three-dimensional perturbations is analyzed numerically. It is found that the development of instability on the family also depends on the parallelepiped depth.
Thus, in the problem of filtration convection a family of equilibria with a variable spectrum is obtained. This is characteristic of cosymmetric dynamical systems.
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